We discuss four dimensional effective actions of string theory flux compactifications.
Introduction
Probably the biggest surprise of recent cosmological measurements is the evidence that the cosmological constant of the Universe is positive. It is thus important to understand how (and if) four dimensional de-Sitter vacua arise in string theory compactifications.
The problem is complicated by the well known no-go theorem in supergravity [1, 2] which forbids non-singular (warped) de-Sitter compactifications with finite four dimensional Newton's constant 1 . This no-go theorem can be phrased in the statement on the energy condition on the matter stress tensor upon consistent Kaluza-Klein (KK) reductions 2 : if the matter of the higher dimensional theory obeys the strong energy condition, the matter of the lower dimensional effective description would satisfy the strong energy condition as well, implying that lower dimensional de Sitter (or more generally accelerating Universe) is not possible. In ten dimensional supergravities matter satisfies the strong energy condition.
The situation is different with positive tension extended objects, D-branes, in string theory. In ten dimensions, whether or not a Dp-brane satisfies the strong energy condition depends on its codimension. Specifically, codimension three and higher branes (p < 7) satisfy strong energy condition. In consistent supergravity KK reductions the effective lower dimensional action can be obtained by integrating out compact directions of a ten dimensional supergravity effective action. If one assumes that the same prescription is true for a D-brane effective action, one immediately concludes that upon KK reduction D-branes can be sources for de Sitter. The point simply is that KK reduction transverse to a brane decreases its codimension, thus making lower dimensional accelerating Universe possible. In explicit string construction this idea has been realized for the first time in [8] , KKLT. The starting point of KKLT construction is type IIB string theory compactified on Calabi-Yau (CY) 3-folds M 6 with imaginary self-dual (ISD) 3-form fluxes. Classically, as discussed in details in [9, 10] (GKP), for a suitable choice of a CY and fluxes, one can fix all complex structure moduli (including the axion-dilaton), and get in four dimensions no-scale models [11] [12] [13] : a vanishing four dimensional cosmological constant and a complex Kähler modulus ρ (related to the overall size of the compactification manifold). This no-scale structure is expected 1 Having a finite four dimensional Newton's constant is a crucial qualifier, as it is straightforward to construct explicit supergravity warped product backgrounds dS 4 × M 6 for non-compact six-dimensional manifolds M 6 [3] [4] [5] . 2 Most recently this has been emphasized in [6, 7] .
to be spoiled by string tree level α ′ corrections, as well as perturbative string loops and string instanton corrections [10] . Indeed, in KKLT it was demonstrated that string theory instanton corrections [14] modify the no-scale structure of GKP, leading to a supersymmetric AdS 4 vacuum with fixed ρ. Lastly, it was argued that, for suitable choice of parameters, anti-D3 brane would lift AdS 4 vacuum to a dS 4 background, with all moduli of the compactification manifold stabilized 3 . This is possible because D3 is a codimension zero defect in the effective four dimensional description, and thus violates the strong energy condition.
An obvious question of KKLT construction is whether effective description of D3 is indeed given by simple dimensional reduction of its ten dimensional effective action.
The question is nontrivial, as KKLT model does not allow for a consistent ten dimensional lift: the Kähler modulus stabilization involves string instanton corrections, which are highly non-local from the ten dimensional perspective (assuming their ten dimensional description exists at all). Thus strictly speaking, there is no starting point for the derivation of the D3 effective action in KKLT model. To the best of our knowledge, there is no consistent derivation of the effective brane description in the Kaluza-Klein reduction for any compactification in the literature as well.
In section 2 we discuss a simple exactly soluble D-dimensional toy model in which we confirm that contrary to a supergravity mode, in a consistent KK reduction to d < D−2 dimensions, the energy condition of the extended positive tension d-dimensional defect indeed changes. The defect contribution to the d-dimensional vacuum energy Λ d is positive. The apparent conflict with the energy condition upon KK reduction is resolved because the defect introduction 'shifts' the stabilization value of the overall Kähler modulus of the compactification manifold. This is precisely what is observed in KKLT construction. However, though the vacuum energy in the toy model compactification increases, it can never become positive. The latter point is just a special case of the no-go theorem for supergravity with localized sources satisfying a BPS-like condition of Ref. [10] . Additionally, we explain the dangers of using incomplete set of D-dimensional equations of motion to deduce lower dimensional effective action.
In section 3 we discuss type IIB string theory flux compactifications. Though we work in the supergravity approximation with 3-branes and orientifold 3-planes only, we expect that our results can be extended to more general F-theory compactifications.
3 Some general aspects of moduli fixing and potentials in string theory compactifications are also discussed in [15] .
We demonstrate that the same prescription as the one employed in section 2 leads to a consistent effective description of four dimensional gravity coupled to the overall Kähler modulus of the compactification manifold. 'Consistent' means that equations of motion derived from the effective action are equivalent to ten dimensional equations of motion. This resolves some puzzles of the consistent Kaluza-Klein compactifications of string theory with fluxes and localized sources raised in [7] . We conclude with discussion of partially integrating out supergravity modes from the lower dimensional effective action. 
where k D is D-dimensional gravitational coupling. We will use effective action (2.1)
to study Kaluza-Klein reductions of direct warped product compactifications
where σ = σ(x) is a q-sphere Kähler modulus,g µν =g µν (x) is the metric on M d , and (dS q ) 2 is the metric on a round S q . The metric ansatz (2.2) is supplemented with
Additionally, we will consider N ≫ 1, d-dimensional neutral domain walls of tension
Each domain wall has a DBI-type action
4 Results reported in this section were obtained in collaboration with Rob Myers. 5 We assume d > 2.
The total effective action is
where the summation is over all localized defects on S q .
Note that the stress tensor of the localized defects is
In D-dimensions, the stress tensor T loc M N satisfies the strong energy condition provided
which using (2.7) evaluates to
Clearly, codimension higher than two (q > 2) defects satisfy the strong energy condition, while defects of lower codimension violate it.
In what follows we assume that σ is constant. We consider first D-dimensional solutions of (2.5), and show that they are equivalent to the solutions of the effective d-dimensional action, obtained by simply integrating out the S q coordinates in (2.5).
D-dimensional equations of motion
With the flux ansatz (2.3), the q-form Bianchi identity are trivially satisfied. We are left with Einstein equations
(2.10)
Eq. (2.10) for the components along the defect implies that M d is an Einstein manifold
with
Note from (2.12) that as long as defects satisfy the strong energy condition in D dimensions, i.e., q > 2, in a consistent KK reductions they can not produce d-dimensional
accelerating Universe. As we will show in section 3, this is a special case of a more general result that follows from a no-go theorem for supergravity compactifications with branes satisfying BPS-like condition of [10] . From (2.12) is appears that a positive tension defect satisfying a strong energy condition provides a negative contribution to d-dimensional cosmological constant. This conclusion would be correct, if before and after defect introduction the Kähler modulus of the compactification manifold (in this case σ) would not change. In fact, the Kähler modulus is shifted so that after all, the contribution of defect tension to Λ d is positive. Indeed, from the Einstein equations
From (2.13) it follows that defect introduction always results in the expansion of S q ,
i.e., σ increases. Using (2.12), (2.13),
so, it is monotonically increasing function of σ for q > 2. Thus, introduction of localized sources (2.4) will always increase Λ d .
d-dimensional effective description
We would like to reproduce the results of the previous section from the lower dimensional effective action, obtained by integrating out S q coordinates. For constant σ and the metric and flux ansatze (2.2) and (2.3) correspondingly, we find
Thus Kaluza-Klein reduction of (2.1) yields
where
The KK reduction of the defect action S (loc) is simply
Notice that the stress tensor computed from S ef f (loc) violates the strong energy condition in d-dimensions. This is so because extended defects are now codimension zero objects.
The complete effective action reads
It is easy to verify that effective action (2.19) equations of motion
Vg µν = 0 , (2.21)
are equivalent to D-dimensional equations of motion (2.12), (2.13).
Incorrect d-dimensional effective description
In this section we illustrate the pitfalls of using incomplete D-dimensional equations of motion to deduce d-dimensional effective action. This approach was used in existing literature, and has led to quite unexpected conclusions concerning consistency of KK reductions in the type IIB flux compactifications.
For a constant modulus σ we expect the effective action to be of the type (2.19), which we rewrite one more time as
Einstein equations from (2.23) imply that
where in the second line we used the fact that M d must be an Einstein manifold. With (2.24), it is tempting to use D-dimensional equation of motion (2.12) to concludẽ
PotentialṼ (2.25) derived in this way disagrees with (2.20) , and is manifestly incorrect.
For one reason, in the absence of any defects (N = 0),Ṽ implies that σ can not be stabilized. This conclusion differs from exact D-dimensional analysis.
KK reduction of type IIB supergravity with localized sources
We now implement the computations of the toy model in the previous section in type IIB supergravity compactifications on a large six-dimensional manifoldM 6 with fluxes and localized 3-brane sources. Specifically, we obtain the correct potential for the overall Kähler modulus ofM 6 . As the analysis are rather technical, we begin by stating the main conclusion. For the effective action obtained by integrating out thẽ M 6 coordinates from the ten dimensional type IIB supergravity action with branes, its equations of motion are equivalent to the ten dimensional equations of motion. To elucidate this agreement, one has to use the full set of type IIB equations of motion.
This agreement is lost however is one evaluates the full effective action on the equations of motion for a subset of the supergravity modes, on-shell condition for which depends on the Kähler modulus. Such dependence is known to occur for the on-shell condition on the ten dimensional metric warp factors [10] , and, as we argue below, also arises for the 3-form flux equations of motion.
As a byproduct of the analysis, we point out that for the nonvanishing four dimensional cosmological constant, the complex structure moduli ofM 6 can not be fixed at a point where the 3-form fluxes are imaginary-self-dual (ISD) [16] . The Kähler modulus potential derived here can be useful in study the backreaction of non-ISD fluxes. We hope to return to this problem in the future.
Conventions
Consider a static 6 type IIB string theory compactification on a large compact manifold M 6 with fluxes. We assume the supergravity approximation is valid. In particular,
we assume that all the relevant moduli are fixed at large values so that one can safely ignore α ′ corrections.
The low-energy effective action is decomposed into two parts
is the Einstein frame action of type IIB supergravity, and S sources is the effective action of the localized sources (branes wrapping various cycles of the compactification manifold). We take the ten dimensional space-time M 10 to be a direct warped product of a four dimensional spacetime M 4 and a six dimensional compact manifoldM 6 . The
Einstein frame metric is
where g µν andg mn is a metric on M 4 andM 6 correspondingly, A(y) is a warp factor, and u defines the overall volume modulus ofM 6
As we review later, the choice of relative warpings by e u in (3.3) is required to decouple the fluctuations of ρ(x) from the four dimensional metric fluctuations [17] . Additionally, there are nontrivial 5-form F 5 and 3-form
fluxes. In (3.5) τ is the type IIB axiodilaton. S sources in (3.1) provides local sources (in addition to those in S IIB ) for the Einstein equations, Maxwell and dilaton equations.
6 i.e., there are no "rolling" moduli.
For example, for a p-brane wrapped on a (p−3)-cycle Σ of the compactification manifold M 6 we have
We introduce the stress tensor T loc M N for the localized sources in (3.1)
In what follows we assume that the only localized sources are D3, D3 branes, and orientifold 3-planes O3.
We use a mostly positive convention for the signature (− + · · · +) and take ǫ 1···10 = +1. The bosonic type IIB equations consist of the following [18] :
• The Einstein equations:
where the energy momentum tensors of the dilaton/axion field, B, the three index antisymmetric tensor field, F (3) , and the self-dual five-index tensor field, F (5) , are given by
and
In the unitary gauge, B is a complex scalar field, and
while the antisymmetric tensor field G is given by
• The Maxwell equations:
• The dilaton equation:
• The self-dual equation:
In addition, F (3) and F (5) satisfy Bianchi identities which follow from the definition of the field strengths in terms of their potentials:
We would like to relate fluxes F (3) , F (5) , and the unitary dilaton B to the appropriate quantities of (3.2). This has been done, among many other places, in [19] :
Ten dimensional equations of motion
We begin with a more general metric ansatz (in Einstein frame)
where M 4 is taken to be an Einstein manifold, i.e., r
µν (x) = Λ g µν (x) , (3.23) andM 6 is a six dimensional compactification manifold. Additionally we assume that all the stringy matter and the localized sources depend on y only. The rigorous way to say this, is that we require our compactification to preserve (anti-)de-Sitter or Poincare invariance. For the 5-form F 5 we assume
where vol M 4 is the volume form on M 4 . The basic idea is to allow Λ in (3.23) to "dynamically adjust" (letting it be either positive, zero or negative) depending on the fluxes and the geometry of the compactM 6 . We should say that the equations we obtain are equivalent (when they can be compared) to those presented in [10] . To elucidate the agreement with [10] , some redefinitions are necessary. For example, the G M N P we are using is related to the G 3 flux (3.5) of [10] as
In what follows all the index contractions are done with the unwarped metrics g µν ,g mn .
Also we use r (4) µν to be the Ricci tensor of M 4 , and r (6) mn for the Ricci tensor ofM 6 . Capital R µν , R mn are reserved for the Ricci components of the full ten dimensional warped metric (3.22). The absence of indexes implies that they are contracted. After straightforward computations we find
and R mn =r .3),
substantially simplifies computations. With (3.26)-(3.29) we find
Note that terms containing ∇ 2 u and∇ 2 A are total derivatives and can be dropped from the effective action. From (3.30), the four dimensional gravitational constant k 4
in terms of ten dimensional gravitational constant k 10 is given by
Thus, as in [10, 17] , we get from (3.30) the kinetic term for the Imρ ≡ e 4u modulus 1 k
corresponding to the Kähler potential
From now on we assume that the modulus ρ is constant over M 4 . Note that with ρ being constant
From (3.6), (3.8) localized stress tensor contribution from 3-branes,
where ρ 3 is the number density of 3-branes:
For a single 3-brane localized at y = y 0 we have
T 3 , contribution to the localized stress tensor from a single O3
plane will be minus a quarter of that of a D3 brane. To treat orientifold planes and 3-branes on the same footing we write the full localized stress tensor as
where the summation is over all sources localized at y = {y i } and having tension
The simplest Einstein equation is for the {µν} components Note the shorthand notation for GḠ.
The next simplest equation is for the 5-form Bianchi identity
where ⋆ 6 is defined on manifoldM 6 , and q i = ±1 is a charge of a localized source at y = y i . Note that above normalization of q i is correct for O3 planes as well: their 'physical' charge is − 
(3.43)
To proceed with the remaining equations of motion we separate imaginary (anti-) self dual parts of G:
It will also be convenient to introduce a 3-form L
The remaining Einstein equations are
where T
mn is the standard dilaton/axion stress tensor
The 3-form Maxwell equations (3.16) are reduced to
Finally, the dilaton equation is
Integrating both sides of (3.43) over compact manifoldM 6 we find
where we separated contributions to the four dimensional cosmological constant coming from supergravity modes, and the localized sources. Also,
We would like to conclude the section with several comments concerning solutions of equations of motion derived here.
First of all, notice that the only contribution to the four dimensional cosmological constant from localized sources comes from D3 branes. Both D3 branes and O3 planes saturate the BPS-like bound of GKP (which can be thought of as a generalized strong energy condition for charged defects in ten dimensions), and do not contribute to Λ. D3
branes satisfy this bound, and thus provide negative contribution to Λ. As the result, supergravity plus localized 3-branes and orientifold 3-planes flux compactifications can never lead to four dimensional de Sitter. This result is straightforward to generalize to all extended objects in string theory satisfying the BPS-like condition of GKP. Note that the neutral defects in the toy model of section 2 satisfy the GKP bound.
To circumvent this no-go theorem for de-Sitter compactifications, one possibility is to consider flux compactifications with localized sources that violate BPS-like condition of GKP. These include O3 planes and orientifold 5-planes, O5. Currently no construction of this type is known. Another possibility is to relax the condition that all moduli of the compactification manifold are stabilized. There are interesting cosmological solutions with rolling moduli [6] . However, to our knowledge, no nonsingular solution of this type (in supergravity with branes) exists. Most promising appear to be the framework of KKLT [8] , where one first employs nonperturbative string corrections to stabilize all moduli with supersymmetric AdS 4 vacuum, and further lifts it to a dS 4 with supersymmetry breaking branes. Here, it is important to better understand effects of the supersymmetry breaking, in particular the role of non-ISD fluxes that can be induced by these supersymmetry breaking effects.
The 3-form Maxwell equation (3.49) allow for a solution
We do not know whether (3.53) gives the most general solution of the 3-form Maxwell equation (3.49), though we suspect this is the case. The string theory flux backgrounds constraint by (3.53) include those discussed in [10, 3] . This is the class of compactifications we concentrate on here. Notice that (3.53) does not imply that the 3-form flux is ISD, i.e.,
In fact, this is simply inconsistent once Λ = 0. Indeed, given (3.54), eqs. (3.46), (3.53) then imply that e 4A + 4ω (Imρ) 3 = 0. This last condition, along with G + = 0, implies from (3.43)
Clearly, (3.55) can not be satisfied locally, given that cosmological constant Λ is uniform
It is tempting to use (3.51), and follow the arguments of Sec. 2.3, to conclude that the Kähler modulus potentialṼ(ρ) is
+ (Imρ) We would like to present a simple expression for Λ, following from the full set of ten dimensional equations of motion
The derivation of (3.57) is delegated to Appendix. It would be nice to find a simpler derivation of (3.57); in particular it's extension for more general F-theory flux compactifications.
Notice that (3.57) suggests that the four dimensional cosmological constant is sensitive to exactly how D3 branes are distributed 7 between different Klebanov-Strassler-like 'throats' ofM 6 . This opens a possibility of interesting cosmological transitions where in evolution to global minimum Λ, the Universe experiences metastable vacua with different cosmological constants 8 . We plan to study these transitions in the future.
Four dimensional effective description
In this section we derive the four dimensional effective description of supergravity and localized sources flux compactifications, implementing the arguments of Sec. 2.2. We find that equations of motion derived from this effective description are equivalent to a subset of ten dimensional equations of motion. The Kähler modulus potential is given by Eq. (3.65).
Recall that (3.2) 
where we used (3.20) and (3.24) 9 . CS denotes the type IIB supergravity Chern-Simons where we organized contributions according to various scaling with (Imρ) ≡ σ: We demonstrate now that Λ (4) is actually equivalent to ten dimensional expression (3.57), once ten dimensional on-shell condition, i.e., equations of motion, is used.
Indeed, because of (3.53),
Now the trace of (3.47) implies
or, equivalently,
Using (3.57), we conclude that
Given (3.69), (3.71), (3.72) we conclude from (3.66)
which along with (3.68) gives
In the rest of this section we show that the equation of motion for the Kähler It is easy to see that thoughV leads to the same value of the four dimensional cosmological constant, the equation of motion for the Kähler modulus σ is inconsistent with ten dimensional equations of motion, unless G = 0. Again, the problem appears because V(σ) is an off-shell quantity, and its partial evaluation on-shell, and subsequent 10 In the supergravity approximation with localized D-branes sources.
treatment of the result as off-shell quantity is inconsistent. From a slightly different angle, the inconsistency occurred because equations of motion for the fluxes depend on the overall size modulus σ (a component of the ten dimensional metric), thus dV(σ) dσ where EOM{f luxes} stands for the fluxes equations of motion. Note, that it is not only on-shell fluxes that depend on the Kähler modulus. As explained in [21] , the contribution to the four dimensional Kähler modulus effective potential from the D3 brane, δV , does not scale as σ −3 as assumed in [8] . Rather, because the on-shell warp factor e 4A ∼ σ [10] , one finds (see Eq. (5.14) of [21] ) Finally, in deriving the potential (3.65), we did not assume that the 3-from fluxes are ISD, i.e., G + = 0, or thatM 6 is Ricci flat, also we did not assume supersymmetry.
Thus potential (3.65) can be useful to study effects of supersymmetry breaking and the backreaction of non-ISD fluxes in KKLT-like models.
